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Fig. 3 Comparison of theoretical and experimental
binary diffusion coefficients for carbon dioxide and mole-

cular oxygen (at one atmosphere).

for viscosity from which T\ (rms) was determined. It shows the
value of 7V/3 required in Eqs. (2-4) to be 10/F. A similar
plot for diffusion demonstrated the same dependence on rms
as for viscosity except that F(for diffusion) = 0.6Y(viscosity).

Figures 2 and 3 contain the values of the transport co-
efficients obtained using the method described in this Note.
Figures 2 and 3 also contain results obtained using other
theoretical calculations by Bade4 and Devoto.11 Both of
these calculations use a somewhat more complicated potential
(exponential repulsive) and handle gas mixtures in a different
manner. The relative decrease in the viscosity of argon for
temperatures above 9000° K obtained by Devoto is due to the
effects of ionization which are not included in the calculations
contained in this Note. As is shown in the figures, coefficients
obtained from the method given in this Note are close enough
to experimental results to be useful in most flowfield calcula-
tions.
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Spectrum of MPD Arc Oscillations
at Low-Magnetic Field
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Introduction

IN MPD thruster operation, one has a critical magnetic
field below which the discharge is quiet and axisymmet-

ric.1"3 Above this field the discharge is concentrated into a ro-
tating current spoke. The plasma rotates whether the spoke is
present or not.3 One would expect some sort of transition
region where the discharge varies in a continuous way from
the spoke to the no-spoke mode. Previous experiments2

indicate that there is no such region.
Measurements with segmented anodes3-5 indicate that the

current spoke is a highly nonlinear phenomenon. Most of
the current is concentrated in the rotating spoke. In analysis,
however, it is often necessary to treat the disturbances as
small perturbations.6'7 It seemed desirable, therefore, to
look for a region where the disturbances really were small.
Further investigation at magnetic fields just below threshold
seemed appropriate.

Apparatus
The thruster used (Fig. 1) is a McDonnell-Douglas X-7

and is described in Ref. 4. The discharge was probed with a
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Fig. 1 Schematic drawing of McDonnell-Douglas X-7
thruster.
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0.030-in. diameter plane probe. The probe is brought in
through a hole in the anode as shown in Fig. 2. It is arranged
to be flush with the anode surface in the region of maximum
current attachment. The hole in the anode is 0.058 in. in
diameter at the inner face of the anode. The probe is retained
in the center of the hole by magnesium oxide tubing which
fills the remainder of the hole. The current collected by the
probe is returned to anode potential through a 1.10 resistor.
The voltage developed across the resistor is carried to the
control room by a pair of identical coaxial cables terminated
in their characteristic impedance (5012). The signal is then
carried through a differential amplifier to a spectrum ana-
lyzer.

Preliminary Results

A typical sequence of arc current spectra is shown in Fig. 3.
Figure 3a is obtained just below the threshold magnetic
field; Fig. 3b just above it and Fig. 3c at normal operating
field. In each spectrum the horizontal scale is from 0 to 2.5
Mhz. The large spike at zero frequency is due to the local
oscillator component in the output of the mixer and is always
present.

The spectra of Fig. 3 are typical of the cases studied. Be-
low the threshold magnetic field there is a small but well
defined spectrum of oscillations in the probe current. The
spectrum is concentrated in a series of peaks with spacing
of order 400 khz. The amplitude of the peaks decreases
gradually with frequency. The signal typically has signifi-
cant components out to about 10 Mhz.

The spectrum of small oscillations is present from threshold
magnetic field (0.0577) down, at least to the lowest magnetic
field studied—about 0.02577.

Increasing the magnetic field to slightly above the threshold
value causes a sudden transition to the rotating spoke regime
(Fig. 3b). There is a two-order of magnitude increase in
the amplitude of the oscillations and a sharp increase in the
arc voltage as well. The spectrum is furthermore dominated
by a large peak around 300 khz, the rotating spoke frequency.
As the magnetic field is further increased, there is a gradual
increase in arc voltage and amplitude of the oscillations.
Also the single peak at the rotating spoke frequency becomes
progressively more dominant.

The rotating spoke frequency did not change appreciably
with magnetic field, arc current, or mass flow rate when this
thruster was operated on ammonia propellant. When operat-
ing on hydrogen propellant, the frequency had the expected
dependence on these parameters. It increased with increas-
ing arc current and magnetic field strength and decreased
with increasing mass flow rate.
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Fig. 3 Arc current spectra (0 to 2.5 me); total arc current
= 400 amps; ammonia flow rate = 0.04 g/sec.

Concluding Remarks

At least in some cases the MPD thruster has a spectrum of
small oscillations at low-axial magnetic field. As the
magnetic field is increased above the threshold value, the
oscillations evolve into a rotating current spoke. The latter
is a highly nonlinear phenomenon, and linearized or even
quasi-linear theories are questionable in this regime. Such
theories would not be subject to the same objection in the
region around and below the threshold magnetic field. Here
the oscillations are smaller. Ability to predict the spectrum
of oscillations in this regime would be a useful test of such
theories. And the experimental connection between the
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small oscillation region and the spoke region may show how
to extend quasi-linear calculations to apply in the latter.
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Deformed Finite Elements
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Introduction

IN the analysis of finite deformations of deformable bodies
by the finite-element method, surface tractions acting on

material surfaces in the deformed body are replaced by con-
sistent generalized forces which are concentrated at nodal
points on the element boundaries. Typically, the character of
these generalized forces is determined on the basis of invari-
ance of the potential energy of the external forces and inde-
pendence of path of the deformation process, a procedure
which tacitly assumes that the forces are conservative. In
practical applications, however, the applied forces are rarely
conservative. Even in the case of relatively simple loadings
(e.g., uniform external pressures), the net generalized forces are
not conservative, and in order to account for their variation in
magnitude as the body deforms they must be expressed as
functions of the displacement gradients at the element bound-
aries.1"3 Unfortunately, when correct expressions for con-
sistent nonconservative generalized forces on finitely deformed
elements are obtained, they often appear as extremely com-
plicated functions of the nodal displacements. This complex-
ity possibly explains why such forces have rarely been used in
finite-element analyses of geometrically nonlinear problems.

In this Note, a relatively simple approximate technique is
discussed which leads to simple formulas for nonconservative
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generalized nodal forces on finitely deformed finite elements.
Special cases appropriate for normal pressures are also cited.

Nonconservative Generalized Forces

Consider a discrete model of an arbitrary continuous body
which consists of a collection of finite elements connected to-
gether at various nodal points. When the body is in a refer-
ence configuration C0, we establish a system of material co-
ordinates xi

j i = 1-3, which, for simplicity, are assumed to
be rectangular Cartesian, and a corresponding system of
orthonormal base vectors ii. A typical finite element e with
Ne nodal points is isolated from the collection, the volume,
surface area, and mass density of which are denoted j/0(<o>
Ao(e), and p0 while in Co- Following the usual finite-element
procedure, the local displacement field Ui(x,t) over e at time t
is approximated by

Ui(x,t) = \l/N(x)UiN (1)

where N is summed from 1 to Ne, ^v(x) are local interpola-
tion functions, and UiN = UiN(t) are the components of dis-
placement at node N of the element. With the aid of Eq. (1),
all other kinematical quantities can be determined. It is
not difficult to show that the components of generalized force
at node N are

= I
J V0(e)

+ I A
J A-

dji + \f/M,jUiM)\[/NdA()

(2)

where Fi are components of body force and So3' are components
of surface tractions referred to the convected coordinate lines
xi in the deformed body.

The contribution of body forces to pNi of Eq. (2) present no
special problems since the components Fi(x,t) are assumed to
be prescribed for all x and t. The surface integral, however, is
generally a complicated function of UiN. For example, in the
case in which the material surface of a finite element is sub-
jected to a normal traction q = q(x,t),

where Gjk is the inverse of fty = (5t-TO + *[/M,i'Um
M)(djm +

$N,iu™N\ G = det Gijj and nk are the components of a unit
vector normal to the undeformed area A0.

Approximate Forms

Since the generalized nodal forces are quite complicated
functions of the nodal displacements, it is natural to seek
simplified approximations of these forces. We shall describe
one rather general method of approximation which amounts
to representing the deformed surface area of an arbitrary finite
element by a collection of flat triangular or quadrilateral ele-
ments over which the loading is assumed to be uniform.

Consider the surface of an arbitrary type of finite element, as
shown in Fig. 1, which undergoes large displacements and dis-
tortions due to a general system of applied surface tractions.
We ignore body forces here since they are adequately ac-
counted for by Eq. (2). Regardless of the actual form of the
local displacement field Ui = \l/NUiN, we represent the de-
formed material surface by a collection of fiat elements,
generally triangular in shape, the nodal points of which are
coincident with those of the original material surface of the
element. The applied surface tractions per unit surface area
are assumed to be uniform over each flat element. Ideally, if
the element is sufficiently small the network of subelements
can provide a close approximation to rather general applied
loads.

Confining our attention to a typical flat triangular subele-
ment of area a, let n, ei, and £2 denote an orthonormal triad of
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